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Abstract—We explore the problem where a group of in dynamic environments such as offices and factories; the
robots with different velocities search for a target in an pext step is computed while the robot moves and according

unbounded unknown environment. The target position is un- , the information it receives from its sensors. In such sase
known, hence, an online search algorithm is developed. The

H-MRSTM algorithm (Heterogeneous Multi-Robot Search Time exploration tasks are useful to obtain information about

Multiplication), launches a group ofn robots from a common the environment, and are usually accompanied by mapping.
starting location to search for the target. The robots are Such tasks incorporate world modeling requisites and tighl

assigned to search inside a series of concentric discs with regard communication capabilities. Moreover, the use of
increasing radii. Each robot is assigned to search inside a g4yanced sensors such as vision systems and laser scanners

disc and when completing the search inside this disc without highlv i th f f lorati lqorith
finding the target, the robot is assigned to search in the next Ighly Improves the periormance or exploration algoritims

unoccupied disc. We prove that every algorithm that solvestis ~ but may prove inefficient in worst case scenarios such as
search problem must have at least a quadratic time competite =~ mazes, and congested environments, since in such cases thes
complexity and prove that theH-MRSTM algorithm’s complex-  |ong range sensors become as effective as the touch sensors.
ity is also quadratic. Hence, we obtain both an upper and  py,5ration missions using short range sensors and target

lower bound on the time competitive complexity of the search findi bl h the t t ition | K d
problem. Consequently, H-MRSTM is proved to be optimal. Inding problems where the target position IS unknown, an

Simulations in various environments show that the averagease the robot can identify it only upon arrival, may be considere
performance of H-MRSTM is superior to that of homogeneous partially as area coverage problems. Area coverage mission
multi-robot and single robot algorithms. In depth simulation  are evident in real world problems such as vacuum cleaning,
analyses evaluated the effect of several other parametersih |4y mowing, painting, de-mining etc. The covering robot
as the initial disc search time, the distribution of the velities, hould tool Il voints of a defined Af
the number of robots and the position of the target. S, ould pass a too pver all poin S(,) ade |ne area. ' amous
single robot Spanning Tree Covering algorith&TQ [5] is a
I. INTRODUCTION grid based coverage algorithm which constructs a spanning

Finding a target whose position is unknown is an importarffe€ a@nd deploys the robot to circumnavigate the tree thus

problem in many applications (e.g., search and rescue, dg2vering the whole environment. _
mining [1], planetary exploration missions [2] and surveil Many mulU-ropot grid-based coverage algorithms use or
lance [3]). are compared wittsTCfor performance measurement. Off-

The basic motion planning [4] is what path a robot starting"® algorthhms such as [6], [7], cannot be used in on-line
from a specific location should follow so that it will reachManner without major revisions.

a known target point in a known environment. The solutior]g Hete(;ogeneﬁus mult rqbot s]}/str?msd_][fesearch lI)S mainly
is usually in the form of a path the robot should follow, ocused on the cooperation of the different robots [8].

avoiding obstacles in the environment. Mobile robot moCo0rdination is composed of formation [9], task allocation

tion tasks which involve target finding include exploration[lo]’ and integration [11]. Controlling swarms of mobile

mapping, coverage, box pushing etc. A solution is callefPPots [12] is also conside_red to be in that category. Sl.JCh
off-line, when the environment's geometry and the targé?rOblemS focus on generality rather than specifically sgjvi

position are known in advance, since all motions can pan exploration or a coverage problem. Other heterogeneous

pre-computed prior to the actual execution of the missiofnulti r.obot re_search direction include systems with human-
A solution is calledon-line when no information about the 00Ot interaction [13], such systems rely on human operator

environment is known in advance, as in a disaster area, $ Partially or fully guide the robots during mission. Senso
networks are not originally related to robotics, howeven-s
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On this paper first the algorithm is developed and ana- Definition 2 (Time Competitive Complexity Clas#):
lyzed to behave optimally in worst case scenarios. hence@aver bound on the time competitiveness of a td3ks a
computational competitive upper bound is yielded. A majotower boundT > g(t,,:) over all on-line algorithms for
part of the optimality proof is finding the lower bound of P at worst case conditions, whefg is the time it takes
the problem. If the upper and lower bounds belong to then algorithm to complete the task. If a time competitive
same functional class the problem can be classified into thapper boundf(¢,,:) and a universal lower boungd(t,:)
time competitive complexity class. Then, simulation as@y for P are the same function up to constant coefficients, this
tests the average case performance of the algorithm inusricfunction is the time competitive complexity class Bf
environments.

The structure and contributions of the paper are as follows.
First, in the following section, the problem is defined and In this section a lower bound for the problem will be
assumptions regarding it are presented. Next, the promeniptroduced. This lower bound proves that no algorithm can
lower bound is introducedd-MRSTMalgorithm is formally ~Perform better than that bound. For this purpose a very
presented and its performance analyzed. Afterwards, thard” environment, depicted in Fig. 1.(a) is used. The
problem is classified into a time competitive complexityenVironme”t is circular and composed of radial corridors
class, andH-MRSTMis proved optimal. In section VI the emanating from the start poist Each part of the obstructed
simulation analysis is presented and reinforces the doalyt environment is further replaced with more corridors as seen

directions and future work. of the robots,D. The target is placed in one of the corridors,

in the farthest edge frony whose distance is markefl.

IIl. COMPETITIVE COMPLEXITY LOWER BOUND

Il. PROBLEM’S DEFINITIONS

The motion planning problem explored is defined as
follows. A target must be found by a group afrobots in
an unbounded, unknown two dimensional environment. The

target position is unknown. The target can be identifiedgisin o &
a specific target detector, mounted on each or on some of 1% Mecomes ||

the robots. for example, a metal sensor for metal mines. The o

target is detected only when the robot is positioned diyectl

above it. The size or diameter I3, a property important for

the performance analysis. The robots are heterogeneous il

their velocities, such that the slowest robot has a velagity

and each robof has a velocity; = 5 -v, s.t. 3; > 1.  Fig. 1. [17] (a) The radial corridors environment. (b) Clage view of
Definition 1 (Generalized Time Competitiveness [16]): the environment.

An on-line algorithm solving a tasl in time T" is f(topt)

time competitivewhen 7' is bounded from above by a X \ 7 )

scalable functiory (t,,;) over all instances oP, andt,, is robots with different velocities,w; = 5;v, j = 1,....7,

the optimal off-line solution achieved while knowing alketh Ok = #; =1, ¥ k> j, and, 5, = 1, in an unknown planar

information about the environment's geometry. In partigul €7Vironment, recognizing the target only upon arrival,l wil

T < citope + co is the linear time competitiveness, While]cInOI the target, within timef, 5 which satisfies,

T< cthpt + citopt + o IS @ quadratic time competitiveness, 21y,

- - T g2
where thec;’s are positive constant coefficients that depend LB = 3Dn P

on the robot sizeD, the robots’ velocity, the number of Proof: In order to find the target, every corridor must
robots, and the geometry of the environment. be inspected. Assuming the number of corridors is much
Note that the definition of (¢,,:) time competitivéocuses  greater tham, the number of robots, in worst case scenario,
on a particular algorithm solving the tagk the robots will cover the whole free area of the environment
Further, the algorithm can be proved to be optimal ikt least once prior to reaching the target. This property is
it can be shown that it performs in the bounds of therue for deterministic algorithms, since the target will be
problem, if the problem can be classified into a competitivgositioned in the last point the robots visited. If the aition
complexity class. Competitive complexity class is composeis non-deterministic, at least one instance will produds th
of two bounds, a universal lower bound which implies thaivorst case behavior. By construction, the obstructed parts
no algorithm solving the problem can perform better thagover almost one third of the total environment area, and
this bound, and an upper bound of an existing algorithrAas a limit of one third a& goes to infinity. Hence, the free
solving the aforementioned problem which is within the samarea equalg2/3)7 R2. Hence, the total path length equals

()

Lemma 3.1 (Lower Bound)Any algorithm deployingn

performance function. 2w R?/(3D). In the best scenario, no robot traverses the same
The following definition, which formalizes the last section path of any other robot, and the time it takes for all the rebot
is based on [17], to cover the whole environment satisfigs z > 27L&

3Dnwv, "’



where all the robots were considered to be fast, and therefor
the strong inequality. The optimal off-line path length algu
lopt = R+ €/, where thec’ is added due to the transitions
between the corridors. Thus, the optimal solution satisfies

topt = (R+¢€)/(vn). Hence Ty p > 3522 t2 0

IV. H-MRSTM ALGORITHM

The H-MRSTM a motion planning algorithm which uses @T.
multiple heterogeneous robots to search for a target whos
position is unknown in an unknown environment is pre- é
sented. The algorithm is based on a previous developed algo- SE Search time in
rithm, MRSAM[18]. H-MRSTMis introduced and explained, deets Ty
along with a formal description of the algorithm. A\ & %

In H-MRSTMthe robots are heterogeneous in their veloc-
ities. H-MRSTMdeploys each of its robots to search for the
target in concentric discs with growing areas. Each robot

disc1
searched
by robot1

Search time in
disc3:
aZa‘sIIl

Search time in disc2: @, 7,

disc2

searches for the target within a disc by covering it, the searched

coverage algorithm should be efficient, e §TC algorithm 0y rovotz scarched by

[5]. After a robot finished searching for the target inside a K& o st

disc, it moves to the next unoccupied search disc to search %

for the target in it if it did not find the target. The search

is performed, again, by covering the reachable portions &f9- 2. A group of two robots launched tMRSTMsearching the target.

the whole disc. Eventually, the search disc will contain a

path to the target if it exists and it will be found. Though

each consequent disc contains the previous one, the serfesis assigned to search inside a disc of search tiyi&,.

of the discs’ areas form a converging geometric series, thédter robot 1 completes covering the entire portion of disc 1

yielding an upper bound on the path length and an optimathich is accessible fror8 and fails to find the target, it starts

solution is obtained. The following conditions formalizeet searching for the target inside disc 3 of search time, 75,

last idea. in this case, roboR; will find the target while searching in
Condition 1 (Search disc’s area ratiofEach consequent disc 3, before or after robd®, completed searching in disc

search discs’ area is greater than that of the previous dis@ and moved on to disc 4 of search timea3T,. Each robot
During identical time periods, robots with different veloc searches for the target in the accessible portion of the disc

ities will cover different areas, and the ratio of the coereallocated to it until the target is detected, or until theirent

areas will be identical to the velocities ratio. Conseqlyent region accessible frors is explored without findingl. The

a fast robot might finish covering the next search dissearch process in each disc is the same dadRSAM[18].

before the slow robot finished searching in the previous, dis€ig. 3 contains the pseudocode lfMRSTMalgorithm.

thus, forH-MRSTM condition 1 does not suffice, and the Implementation of the algorithm requires to address com-

following condition complements it. munication and on-board memory issues. At algorithm ini-
Condition 2 (Search time ratio)The time of search tialization, each robot must receive its own id number, and

within each consequent search disc is greater than the tirtfee following parameters;, the total number of robots, and

of search within the previous search disc. their velocities, 8;'s. This way, each robot can calculate
H-MRSTMalgorithm launches multiple robots from aits own multiplication factorq;, and know in advance all

common starting poir and assigns each robpto a discto the next discs in which it will be searching within. On

search for the targét in it. All the discs are concentric and termination, each robot must receive the stop signal. Thus,

Sis their centern robots are deployed, and their velocitiescommunication with and between the robots is not necessary

arev; = B;v, j=1,...,n,and g, > 3, > 1, Vk>j. during H-MRSTMexecution. The memory requirements for
The first robot,R; is designated to search in the initialeach robot are as follows. Each robot must remember, its

disc with search timdy. Each of the following robots starts own id number, the number of robots, velocities of all

its search in a disc whose search time within is larger thathe robots(n — 1), multiplication factors of all the robots

the previous disc’s search time by a factorcof > 1. Each  (n—1), and during execution, the current search disc number.

robot has its own multiplication factar; > 1 according to Additional memory requirements depend on the coverage

its velocity, hence, the search times within the discs wéll b method within a search disc. For example,STC [5] is

Ty, T, apas Ty, agagay Ty, .., [Ty o To, [T o, T, being used, each search disc is decomposed into a grid of

oy [T a;To, anos [Ty ;Lo oy [1ig o, 110y @;T0, ... D-sized cells, and each robot builds a spanning tree on-line
For example, in Fig. 21-MRSTMdeploys a group of two and circumnavigates it. If the number of unoccupied cells

robots to search for the target, robot 1 is initially assijt® equalsN, each robot must have a memory of size((fV)

search for the target inside a disc of search tifp@nd robot in order to executeSTC [5]. Moreover, in worst caseN



Basic H-MRSTM Algorithm’s Pseudocode
SensorsA position sensor.
An obstacle detection sensor.
A target detection sensor.
Input: A start pointS.
An initial search timeTy.
A group ofn searching robots, with different velocitie
vj =00, i=1,...,n B, >3, >1, Vk>1
Initialization:
For each roboi?;, j =1,...,n:
Set multiplication factory; .
Set initial search timd“l(Rj>

T}

:TO 7.7:1

(Rj) — g:Q o‘i) To, j #1
For each roboty,
Repeat:
Execute aoverage touon the grid contained in the dis
of search timel’; centered aS. Scan each new free ce
and its partially occupied neighbor cells f@r.
until one of the following occurs:
(1) The target is reached: STOP.

current coverage tour:
STOP, the target is unreachable.

(3) Else, move to the next upoccupied disc
SetTy, , = ([T} )Ty

i=1 ai)(L
SetTk(Rj) = (Hn )(%) (ngz ai) Ty, j # 1.
End of Repeat loop

7 =1

i=1 %

(2) If no new free cell is encountered during tf

a1Top, (area i57m11§pt) and finds the target with time of

0417"—(['371'01501715)2 O‘lﬂ'ﬂnv 2
Timy==—3p ~ D ‘o 2)
assumingl,,:, = Aopi/(BnvD), @andiop: = lopt/(Bnv).
The sum of the search times ¥ is,
S!
T, <Th +Titn +Ti42n + -+ Ti(ry)
=Ty + (HaZ) To + (HaZ) To+-+
i=1 =1
n ()
+ (H Oéi> TO (3)

i=1

The time series is a converging geometric series, which, its
c sum is,
Il

n
i=1 %

Hn
(4)

=1 — 1
Comparing the two expressions for the time to cover the last
disc, T(r,), (2) and (3),7p can be expressed in terms of

n

(52+1) 1
) Ty <

(I (1

Tgr, <

ne

a1 Wﬂnv 2
;1) tOPt

DT, )
SubstitutingTy from (5) into (4) yields,

To

(®)

n

(I

Tgr, <

Fig. 3. H-MRSTMPseudocode.

is quadratic in the number of cells composing the optimal

off-line solution, l,.

V. ANALYTICAL PERFORMANCE ANALYSIS

Simplification yields,

armBav ([Iis; )
Repeating this process for cases where other robots reached

the target leads to the generalization (1). O
Lemma 5.1:The time competitive complexity of

t2

TR1 < ) opt*

(6)

In order to analyzeH-MRSTMs performance, several H-MRSTMis minimal when for each of then robots

worst case scenario cases are inspected. Generally, ¢
is assumed to lie within a disc whose areadis,; = wzgpt,
wherel,,; is the optimal off-line solution.

Proposition 5.1:1f the target T is

reachable,
H-MRSTMfinds the target using: robots and the travel

tadeployed, the multiplication factor equals,

(n+)VmB
= R

Bo=Pn,P1=1 (@)

=175 . T
Proof: In order to find the optimal multiplication

j -

time by robotj which found the target satisfies the quadrati¢@ctors, «;s, a new objection function which combines all

inequality,

n

ma;Bav (ILiZ; )
Bj_1D (ILizi e — 1)

whereD is the robot size3; is the ratio between the veloc
ties of robotj and the slowest roboty; is the multiplication
factor which is a function of: and of all thes’s, andt,;
is the optimal off-line solution.

Tr. < 2.

J

1)

the sums of times is formed,

Tiot = TR1 +TR2 ++TRn
7T/B’?lv (H?:l al) Q4 (8)
D=y o — 1) — B

i-
Differentiating T;,: (8) according to each of the}s, com-
paring each function to zero and finding the common roots

) 1/nga.
yields,a; = W01 50— 5, 8, =1 O

Proof: In the first caseR,, searched and totally covered Theorem 1:The piroblem of on-line heterogeneous multi-

a disc whose area id,,; — ¢ and search timé,,; — e and
thus did not find the target. Consequently; is assigned

robot navigation to an unknown target in an unknown envi-
ronment belongs to the quadratic time competitive complex-

afterwards to search for it in a disc whose search time ity class.



Proof: As defined in Definition 2, a time competitive
complexity class is formed from a lower bound, and fro
an upper bound for the problem. In section Il we found
lower bound for the research problem which is quadratic
the optimal off-line solutiont,,; (3.1). Then we presented
H-MRSTMalgorithm to that problem with an upper bound
quadratic int,,: (1). Thus, the research problem belongs t
the quadratic time competitive complexity class. O
The following corollary asserts that if a path from the sta
S to the targetl” exist, H-MRSTMalgorithm will find 7.

Corollary 5.1: H-MRSTMis complete.

Proof: The first important property established in
Proposition 5.1, is that if the target T is reachable
H-MRSTMwill find it. The second property is that
H-MRSTMwill find the target in a finite and limited time
and is deduced from the upper bound of the algorith
introduced in Proposition 5.1. The two properties implies
the completeness di-MRSTM 0 Fig. 4. H-MRSTMCave environment.
The following corollary asserts that-MRSTMalgorithm is
optimal for the problem of finding a target with a group o
heterogeneous robots.

Corollary 5.2: H-MRSTMis optimal.

Proof: In Theorem 1 we proved that the search proble
belongs to the quadratic time competitive complexity clas
H-MRSTMupper bound is time quadratic in the optimal off
line solution (1). ThusH-MRSTMis optimal. O

VI. SIMULATION ANALYSIS

Simulations were conducted in a system designed es
cially for testing heterogeneous multi-robot algorithriike
effect of the following parameters on the algorithm’s agera
case performance was tested: The number of robotaries
between 1 and 10 robots, where single robot simulatio
were conducted for comparison reasor; indicate the
velocities ratios among the robots within the group.
were calculated to meet the constraints derived from Condfig. 5. 10 target positions iH-MRSTM"library” environment with optimal
tion 1 and Condition 2q; > 1, 1 =1, 8; > B;_1 Vj > 1, Off-ine paths marked.

Bi—1 < a;B; ¥j>1, Bp < ap; Three sets ofg-s were
tested for each run: 1) "beta-max3,, with maximal value
and the rest of theg-s close to 1, 2) "beta-linear-s with
values distributed linearly fron8; = 1 to the maximal
possibles value, 3) "beta-homogeneous” : equals; «;,
search time multiplication factors for robgtfrom a group

adjacent target positions, surrounding the original parsit

such that it appears as a cluster of 9 target points. The ten
target positions along with the optimal paths are shown in
Fig. 5; The initial search radius varies between 3 and 40 with

of n robots are computed according to (7); Three diﬁeredptervals of 4. IA to(;al ]Bf agprommately :;L OO’QOO S|mulat|§n
environments were evaluated: 1) free from obstacles, S\ns were analyse (10 robots groups, 3 environmentss

"cave”: composed of 7 rock like obstacles and is Iightly%ts't13 ini_ttigl radil, 10 target positions plus 8 surromgd
congested (Fig. 4), 3) "vasche library floorl”, is based oﬁargﬁ S pos |ons). . K f f rob h
the 1st floor of the CSU Stanislaus library and is highly The average time it took for a group of robots to reac

congested (Fig. 5). The two last data sets were obtained froﬁnCertain target is prefsenéed in ”F;? 6. Belta 1 1staBnds for
the Robotics Data Set Repository (Radish) {19] omogeneous group of robots, all haiequals to 1. Beta

Ten different target positions were tested. Since the ls1earl'MSt‘:‘nddfo:c linear d'Stb”Eu“(_i?] op a_mng the_group(.j BTIta
path follows a spanning tree from one side, targets which a stan ﬁ or one r(l) 0 Wll _rrnhaX|ma hpgSSl_b&: g“? ; 6
adjacent can be on two sides of the spanning tree and thh§ rest haves very close to 1. The graph depicted in Fig.

the path length to them can differ drastically. To overcomgnows the average for all targets for all environments. Resu

this problem, for each target position we further tested gldmate the following:
« Heterogeneous teams perform better than homogeneous

1Thanks to Richard Vaughan and to Ashley Tews for providirig tfata. teams and better than a single robot. Moreover, it seems



area, A, the covering tool's sizeD, and the equations of

Section V. The following average case performance speedup
is considered for further research. By keeping a common
map between the robots, each robot can search only in the
unvisited areas. This enhancement requires communication

awil

(1]

(2]

are D/v. (3]

that "beta-max” velocity distributed teams perform bet- [4]
ter than "beta-linear” velocity distributed teams.

o As the number of robots grows, the time to find the
target reduces.

« Reaching a target positioned in the same distance frornfl
the start, but in different environments, takes more
time in less congested environments. For example, they
average time to find the target in the "cave” environment
is greater than in the "library” environment, since it
has more free area, which, on average, the robots cover
before finding the target. o]

VII. CONCLUSIONS AND FUTURE WORK

The on-line motion planning problem of finding a target
with unknown position by a group of heterogeneous mobilE&C!
robots in an unknown planar environment was presented. A
lower bound for the complexity of algorithms solving that
problem was found to be quadratic in the optimal off-lind!]
solution.H-MRSTM an algorithm solving that problem was
introduced and its performance was analyzed and proved
to be quadratic in the optimal off-line solution, too. Thell2!
notions of Time Competitivenessand Time Competitive
Complexity Classvere formally defined. The search by a het-
erogeneous group of robots problem was classified into i)
guadratic time competitive complexity class. Conseqyentl
H-MRSTMwas proved to be optimal. The superiority of[14]
H-MRSTMover homogeneous group of robots and over
single robot was demonstrated in the simulation results. (15

Ongoing research aims to investigate the effect of un-
certainty of the positioning system and of the sensors on
the algorithm’s performance by experimenting with a tearyg
of 2WD mobile robots, each equipped with an Arddfo
microcomputer, 3 Daventech SRFO5 ultra sonic rangefinde[rls]]
for obstacles detection, XBEE wireless communication
module to communicate with 12 Optitré®KR cameras sys-
tem to get position and orientatidrPerformance analysis for [18l
heterogeneity of the covering tool (target detection senso

size can be yielded from the relation between the covered
[19]
2Thanks to Lior Barshan, Hen Futerman, Lior Salem, and Guy At
their help in building the test bed.

between the robots.
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